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This Letter presents a new technique for measuring the variation of the material properties along the
thickness in a freestanding inhomogeneous thin film. The analytical results reveal a simple relation be-
tween the material properties and the set of cut-off frequencies of Lamb waves. The influence of the
graded properties on the variation of cut-off frequencies in three different kinds of models, including
artificial FGM model, sub-surface damage model, and nano-porous thin film model, is discussed. These

results provide theoretical guidance for characterizing the material property variations of MEMS/NEMS.
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1. Introduction

Since the concept of functionally graded material (FGM) was
first proposed in the 1980s [1], this type of material has attracted
considerable attention from researchers in diverse scientific and
engineering fields, such as electronics, optics, biology, chemistry,
biomedical engineering, nuclear engineering, mechanical engineer-
ing, and so on [2]. With the development of material technol-
ogy, artificial FGMs are manufactured and used in micro-/nano-
electromechanical systems (MEMS/NEMS) for achieving high sensi-
tivity and good performance [3-5].

Furthermore, natural FGMs have already existed in MEMS/
NEMS. The natural FGMs form in a nano-structure when they un-
dergo surface erosion, surface aging, or sub-surface damage. The
material properties of the thin film around the surface, named
the sub-surface region, should vary along its thickness [6-8]. Since
both artificial and natural FGMs might exist, an understanding
of the material properties of FGM thin film is of fundamen-
tal importance in designing and evaluating the performance of
MEMS/NEMS.

To detect the material property variations in the sub-surface
region, the guided wave technique has been widely used. Most
studies have focused on the dispersion properties influenced by
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the variation of material properties. Flannery et al. [6] have stud-
ied the measurement of the porosity and stiffness of nano-porous
aerogel films through wideband ultrasonic surface waves. Paehler
et al. [9] have investigated the characterization of sub-surface dam-
age in silicon wafers through laser acoustics. Cao et al. [7] have
put forward a functionally graded piezoelectric layered-structure
model and discussed the influence of the sub-surface region on
the propagation of surface waves. In these studies, the thickness
of the wafer is much larger than that of the sub-surface region so
that the wafer can be assumed as an infinite half space. However,
the assumption is not appropriate when the thickness of the sub-
surface region is only slightly smaller than that of the thin film.
We should use Lamb waves for detecting the mechanical proper-
ties in such thin film.

Many reports have been published on the behavior of Lamb
waves in various homogeneous or inhomogeneous plates [10,11].
Most of these studies have focused on analyzing the dispersion
curves and wave structures. Being one of the important proper-
ties of Lamb waves, the cut-off frequencies in homogeneous plates
also have been investigated by some scientists. Such studies always
have been focused on corrosion detection and thickness measure-
ment in a variety of structures [10,12]. However, no reports have
been published on the relations between the cut-off frequencies
of Lamb waves and material properties in an inhomogeneous free-
standing thin film.

In this Letter, we consider both an artificial and a natural FGM
thin film. Using the Wentzal-Kramers-Brillouin (WKB) method
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Fig. 1. The modeling of a freestanding FGM thin film structure.

[13], we obtain the general equations for the relation between
the gradient parameters of material properties and cut-off frequen-
cies. Through these equations, we also investigate the sensitivity of
the cut-off frequencies to the gradient parameter in three different
models.

2. Statement of the problem and governing equations

Consider a freestanding thin film that is made of an artificial
or natural FGM, and that Lamb waves propagate along the x direc-
tion in the thin film, as shown in Fig. 1 [14]. It is assumed that
the material properties of the FGM vary continuously along the
thickness (the z-axis), i.e., all of the properties, such as the elastic
coefficients and density, are functions of the z-axis. The motion is
restricted in the xoz plane and the Lamb waves propagate in the
positive direction of the x-axis. The constitutive equations can be
expressed as follows:

0Oij = CijkiSki- (1)

In Eq. (1), oj; and Sy are the stress and strain tensors, and c;jy are
the elastic coefficients. The motion equations are given by:

oij,j = pil;, (2)

where p is the density, u; is the component of the mechanical
displacement in the ith direction, and the dot, “*” represents time
differentiation. The relation between the mechanical displacements
and the stain components are as follows:

1
Sij = 5 Wi j + ). 3)
Owing to the assumption of plane stain, the displacement compo-
nents can be described as:
u=u(x,z,t), v=0 and w=w(x,zt). (4)

For brevity, exp[ik(x — ct)] is omitted in this Letter, where k is
the wave number, c is the phase velocity, and i = +/—1. From
Egs. (1)-(4), the governing equations in an FGM thin film are
rewritten as follows:
cagt” + iyt + (pw* — c11k?)u + (c13 + caa)ikw’

+ ikcy,w =0, (5)
cuw” +cjw + (,oa)2 — C44k2)W + (Ca4 + C13)iku’

+ cj5iku =0. (6)

“w/n «w/lIn

Here, the symbols, and
ferentials with respect to z.

When a Lamb wave propagates in the thin film, the bound-
ary conditions must be satisfied. The traction free condition is: at
z=0,h,

represent the first and second dif-

o0,=0, oxz =0. (7)

To study the cut-off frequencies, we take into account the limiting
condition of k — 0. In this case, the governing equations can be
simplified as follows:

(C44u’)/ + pwiu=0, (8)
(cnw’)/ + pwiw =0. (9)

In the above, wy, is the cut-off frequency. Therefore, the problem of
the cut-off frequencies of Lamb waves in a freestanding FGM thin
film is simplified as the problem in which the variables satisfy the
governing equations including Egs. (8) and (9) under the traction
free boundary conditions, as shown in Eq. (7).

3. Solution of the problem

To solve the ordinary differential equation with variable coeffi-
cients, we use the WKB method [13,15].

a1 cos(fy «/p/Caadzwn) + azsin(fy /p/caadz wn)
i (pcaa)l/4 .

(10)

Similarly, we have:

. by cos(fy «/p/c11dzwn) + by sin(fy v/p/c11 dzwy)
B (pcr)t/4 '

Substituting Eqs. (10) and (11) into the traction free conditions, we
obtain a set of homogeneous linear algebraic equations for deter-
mining ay, az, by, and b;. The sufficient and necessary condition
for the existence of a non-trivial solution is that the determinant
of the coefficient matrix has to vanish. Consequently, we have the
following.

(11)

h
tan(/ \/ P/Cagnt dz)
0

_ A@A(0)/po/cas, — A OAR)/on/Cas,
A'(0)A'(h) + A(0)A(h)wp1\/Poph/CaagCasy

nT » (12)
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h
tan(/ vV p/c1iont dz)

__ B(0)B'(h)y/po/c110 — B (O)B(h)vph/cn
~ B/(0)B'(h) + B(0)B(h)w?, POPh/CHOCll
1/4

(13)

Here, A(z) = (pcas)~"/* and B(z) = (pc11)~'/4, respectively, and
wnr and wy; are cut-off frequencies which satisfy Eq. (12) or (13),
respectively. wpr is a function related to only the density and the
elastic coefficient c44, While wy; is a function related to only the
density and the elastic coefficient cq;.

Furthermore, in Egs. (12) and (13), when the material proper-
ties slowly vary along the thickness and w,r and wy; are large
value, the right-hand side of the equation approaches zero. Hence,

we have f(? P /Cagwont — N7, ie., war — nyr/f(;1 /P /Cas. Simi-
larly, it can be deduced that fg Jp/criwn — nm from Eq. (13),

i.e., wn — nn/f(;' /p/c11. We define:
D(wnt) = w@me1)T — @t and  D(wnr) = Om41)L — @nL-

Consequently, as n increases, we have the following.

h
D) — 7/ / Jp/caadz, (14)
0

h
D(a)nL)—HT//\/,O/CndZ- (15)
0

From Egs. (14) and (15), we can consider the set of cut-off fre-
quencies to be a union of two series of approximate arithmetic
progressions, when the material parameters are continuous and
derivable with respect to the thickness.

4. Numerical results and discussion

Considering the scientific application, we suppose three differ-
ent kinds of possible model:

4.1. Artificial FGM model

An artificial FGM thin film is always composed of two different
kinds of material, while the volume percentage of each material
varies along the thickness [16]. The form of the material parame-
ters is:

a=a1f@)+aw[l - f@)], (16)

where « indicates an arbitrary material parameter, and f(z) and

— f(z) represent the volume percentage of materials 1 and 2,
respectively. This model is fit for not only an artificial FGM thin
film, but also a degraded thin film under surface erosion because
it can be considered as composed of an original material and a
material formed by reaction.

4.2. Sub-surface damage model

A few scientists have investigated surface waves in a silicon
wafer or a piezoelectric wafer with sub-surface damage [7,9]. Some
of them consider the wafer as a layered structure with a homo-
geneous substrate covered by many different homogeneous sub-
layers, while others consider it as an FGM layered structure, which
is a homogeneous substrate covered by an FGM layer. In their
reports, the variation of the density is so slight that it can be
disregarded. Similarly, in some conditions, the variation of elas-
tic coefficients is much more obvious than that of the density. We
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Fig. 2. The influence of the gradient parameter on the cut-off frequency in Model 1.

(a) The relative error between Jr/f(;1 /p/caadz and w41y — wpr. (b) The relation
between D(w,7) and the gradient parameter.

can suppose that the material properties vary along the thickness
as follows:

p = const, c11 =¢11(2), Ca4 = C44(2).

4.3. Nano-porous material model

It is well known that the Young’s modulus, E, in porous ma-
terial follows the power-law dependence [6]. We suppose that the
density varies along the thickness and that the elastic coefficients
are a function of the density as follows:

p=p@, cu/crio=(p/po)",  c4a/cas0=(p/po)™.

These three models describe three conditions: the variation of
the density and the elastic coefficients with the volume percent-
ages; the variation of only the elastic coefficients along the thick-
ness; and the variation of the elastic coefficients with the density.
The following numerical results are focused on the influence of the
gradient parameter on the cut-off frequencies.

Because the forms of Eqs. (14) and (15) are similar, we discuss
only wpr and D(wy,7) in the numerical results. Suppose the FGM
thin film in Model I is composed of a kind of metal and ceramic
with the following parameters.
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Fig. 3. The influence of the gradient parameter on the cut-off frequencies in Model II and Model IIl. (a) Model II and Model Il (m = 2), (b) Model III (m = 3), (c) Model III

(m=4) and (d) Model Ill (m =5).

Ni: c4am =76 GPa and pp =8902 kg/m3;
Ceramic: c44c =118.11GPa and p. =3900 kg/m3;
o = am(z/h)P + ac[1 - (z/MP].

In the above, «, oy, and o, indicate the material parameter
of FGM, metal, and ceramic, respectively, and p is the gradi-
ent parameter. Fig. 2(a) plots the relative error, viz., the ratio
of zt/f(;1 Vp/caadz — (@qmy1)T — war) tO 7r/f(;1 A/ p/Casdz, where
Wmn+1)T — War is obtained by Eq. (12). The error is too slight and
becomes slighter as n increases. When n is larger than 10, the rel-
ative error is less than 0.05%. This means that the measurement
of material properties through cut-off frequencies is effective and

reasonable because n/foh A/ P/Casdz is the limit of D(wyr). Us-
ing these results, we find that the limit of D(w,r) increases as
the gradient parameter, p, increases in this thin film, as shown
in Fig. 2(b), where Dp(wsr) denotes the difference of cut-off
frequency of Lamb waves in homogeneous metal plate, namely
Dm(@nT) = 7T \/C4am/Pm/h. When p = 0, the plate is homogeneous
metal plate, so that D(wnt)/Dm(wnr) = 1. The relation between
D(wyt) and the gradient parameter will give us a new method for
characterizing the changes in material properties by using the cut-
off frequencies.

To compare the sensitivity of D(wyr) to the gradient parameter,
we select the material parameters of Model Il and Model III as
follows:

Model II.
P = Po,
[ casoexp[—p(z — ho)?/(h — ho)?] ho <z<h,
C44(2) =
€440 O0<z < ho.
Model III.
p(2) = ( poexp[—p(z —ho)*/(h —ho)*] ho <z<h,
Lo 0<z < ho,

In the above, p is the gradient parameter and hg <z < h in-
dicates the sub-surface region. Fig. 3 plots the relation between
D(wn1) — D(wn10), Which is the variation of D(wyr) due to the in-
homogeneous property, the thickness of the sub-surface region, hg,
and the gradient parameter, p, where D(wpro) refers to the value
of D(wyr) in a homogeneous thin film with density pg, elastic co-
efficient c440, and thickness h. D(wp1o) can be obtained by Eq. (14)
and satisfies D(wnr0) = mwcr/h, where ¢t = \/ca4/p is the bulk
shear wave velocity in homogeneous material. The same result on
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homogeneous thin film also can be obtained by reference [10]. For
a certain model with the same thickness, D(wpr) varies linearly
with the gradient coefficient. The thicker the sub-surface region is,
the more obvious the variation of D(wy,r) is. With the same gra-
dient coefficient and thickness of the sub-surface region, the vari-
ation of D(w,7) in Model II is the same as that in Model III with
m = 2, as shown in Fig. 3(a), and the bigger m is, the more obvious
the variation of D(wy7r) is in Model III, as shown in Figs. 3(a)-(d).
These results suggest that it is possible to detect material pa-
rameters through the cut-off frequencies of Lamb waves if the
sub-surface region is thick enough compared with the film thick-
ness.

5. Conclusions

In conclusion, when the variation of material properties is con-
tinuous and derivable, the cut-off frequencies of Lamb waves in
these freestanding inhomogeneous thin films can be decided by
two simple equations. The set of cut-off frequencies is a union of
two series of approximate arithmetic progressions. Here, the dif-
ference for one series varies inversely as the definite integral of
/p/caq along the thickness and the other varies inversely as the
definite integral of ./p/c11. The results reveal a simple and uni-
versal relation between material properties and cut-off frequencies
and provide theoretical guidance for evaluating the variation of
material properties in MEMS and NEMS.
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