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a b s t r a c t

To investigate the propagation behavior of Lamb waves in a thermal stress relaxation type functionally

graded material (FGM) plate with material parameters that vary continuously along the thickness, the

power series technique, which has been proved to have good convergence and high precision, is

employed for theoretical derivations. The influence of the gradient coefficients of FGM on the dispersion

curves is illustrated. The numerical results also reveal differences between the properties of Lamb wave

propagation in the FGM plate and the corresponding properties in a homogenous plate. In terms of

results, we find that both the normal and anomalous dispersions exist in the first and the second modes

of the Lamb wave that propagates in the FGM plate, while only the anomalous dispersion is in the first

mode and only the normal dispersion is in the second mode for the homogenous plate. The wave

structure is asymmetric due to the asymmetric properties of the material. The dominance of in-plane

and out-plane displacements is different between the metal-rich and ceramic-rich surfaces. All these

results give theoretical guidance not only for experimental measurement of material properties but also

for nondestructive evaluation using an ultrasonic wave generation device.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally graded material (FGM) is a special kind of
composite material wherein the volume fractions of two or
more materials vary continuously. It is widely used in engineering
fields, such as aerospace engineering, automobile industry, and
mechanical metallurgy [1]. For example, the most popular
application of FGM in aerospace engineering is the thermal stress
relaxation type, wherein the thermal barrier structure for high-
temperature applications may form from a mixture of a kind of
metal and ceramic and the composition is varied from a metal-
rich surface to a ceramic-rich surface.

In addition, there exist many different kinds of FGM in other
fields, such as welding materials, thick coatings, materials with
machined surfaces, degradable biomaterials, and so on [2]. The
evaluation of the mechanical properties of FGMs has been
considered an important research topic for investigating the
mechanical characteristics of FGM structures. However, the
properties of FGM are often difficult to obtain because they are
not constants but vary along the thickness of FGM. Normally, the
technique of guide waves is used for nondestructively evaluating
material properties as well as for investigating defects in

homogenous media [3]. This technique has also been used as a
method for measuring the material properties of FGM, which
include the elastic modulus, density, and so on.

To study the wave propagation behavior in an inhomogeneous
medium, where the mechanical properties vary continuously
along the thickness, analytical solutions have been obtained only
for some special cases due to the complexity of the governing
equations, especially for the plane strain waves, which include
two coupling variables. Most of these early studies were focused
on numerical methods. Liu et al. [4] studied surface waves in FGM
plates by the application of the strip element method. Liu et al. [5]
and Han et al. [6] investigated stress waves in FGM structures
using linearly inhomogeneous elements and quadratic layer
elements, respectively. A hybrid numerical method was intro-
duced by Han and Liu [7] for analyzing the characteristics of
waves and transient responses in FGM cylinders. The numerical
studies have been carried out based on the method of dividing the
plane layer into a large number of thin sub-layers and treating
each of them as a homogenous layer. However, the problem with
this approach is that the material properties of the medium are
assumed to change discontinuously from one sub-layer to another
sub-layer. The same assumption has been adopted in the research
done by the traditional Thomson–Haskell matrix method [3].

Some reports on the asymptotic analysis of wave propagation
in inhomogeneous media can also be found, such as the WKB
(Wentzel–Kramers–Brillouin) method [8,9], special functions
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[10], the perturbation technique [11], and so on. The WKB method
is always used to solve for the horizontal shear modes with only
one component of displacement. Cao et al. [12] discussed the
dispersion relations of Rayleigh wave in an FGPM (functionally
graded piezoelectric material) half-space, wherein the phase
velocity is limited to a small scale. Through cylindrical functions,
Vlasie and Rousseau [10] discussed Lamb wave propagation at
high frequency in an FGM plate; they assumed a constant density
and selected particular functions for the elastic parameters. Even
though the variation in material parameters was limited in this
special case, some parts of the dispersion curves could not be
described due to the convergence condition of the method. Liu
and Wang [11] studied the dispersion relations of Rayleigh waves
in an FGM half-space by using the perturbation technique.
However, all the analytical methods have their limitations: the
WKB method can be used only at high frequencies, the special
functions are suitable only for the special cases, and the
perturbation technique is suitable for small gradient coefficients.

In the present study, we focus on the calculation of propaga-
tion properties of Lamb waves in a functionally graded material
(FGM) plate using power series technique. As discussed above,
some numerical [4–7] and analytical methods [8–11] have been
carried out to study the wave propagation behavior in an
inhomogeneous medium with material properties varying con-
tinuously along the depth direction. Compared with these
methods, the power series technique developed in this study
has many merits in describing the wave propagation behavior in
FGM because the high precision solution and good convergence
can be easily obtained through iterative calculation process.

Using the power series technique, the influence of the gradient
functions and the gradient coefficients on dispersion relations of
Lamb waves in this structure is quantified. The dispersion
properties will change because of the inhomogeneous material.
Due to the asymmetric properties of the FGM plate, the mode of
particles’ motion does not show symmetric characteristics as that
in an isotropic plate. The asymmetric wave structures are shown
in this paper. Furthermore, in order to describe the relative
dominance between in-plane and out-plane displacements, the
relationship between ellipticity of particle trajectories at the free
surface and the wave number is discussed.

2. Statement of the problem

The propagation behavior of Lamb waves in an FGM plate, with
a thickness of h, as shown in Fig. 1, will be taken into account. It is
assumed that the mechanical properties of the FGM vary
continuously along the thickness (the z-axis), i.e., all the proper-
ties, such as Lame’s constants, l and m, and mass density r, are
functions of the z-axis. We consider the problem of plane
deformations, wherein the motion is restricted in the xoz plane
and the Lamb waves propagate in the positive direction of the
x-axis.

Owing to the assumption of plane strain, the displacement
components can be described as

u¼ uðx,z,tÞ, v¼ 0, w¼wðx,z,tÞ ð1Þ

The motion equation possesses the following form:

@sx

@x
þ
@txz

@z
¼ r €u,

@txz

@x
þ
@sz

@z
¼ r €w ð2Þ

where sx, sz, and txz are the stress components, r is the mass
density of the medium, and the dot ‘‘�’’ represents differentiation
with respect to time. The relationships between displacement and
strain components are

ex ¼
@u

@x
, ez ¼

@w

@z
, gxz ¼

@u

@z
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@w

@x
ð3Þ

The constitutive equations of the functionally graded media
can be expressed as follows:

sx ¼ ðlþ2mÞexþlez, sz ¼ lexþðlþ2mÞez, tzx ¼ mgz ð4Þ

where l and m are Lame’s constants. Substituting Eqs. (1), (3), and
(4) into Eq. (2), we obtain the following field equations for the
FGM plate:
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where the superscript ‘‘ 0 ’’ indicates space differentiation with
respect to the z-coordinate.

For Lamb waves that propagate in the FGM plate, the traction
free boundary condition should be satisfied at the top and bottom
surfaces, that is

szðx,0Þ ¼ 0, tzxðx,0Þ ¼ 0, szðx,hÞ ¼ 0, tzxðx,hÞ ¼ 0 ð7Þ

3. Solution of the problem

For the Lamb waves in the inhomogeneous plate described
above, the solution of the governing equations can be expressed in
the following form:

uðx,z,tÞ ¼ ZuðzÞexpðikx�ikctÞ ¼ ZuðzÞexpðikx�iotÞ ð8Þ

wðx,z,tÞ ¼ ZwðzÞexpðikx�ikctÞ ¼ ZwðzÞexpðikx�iotÞ ð9Þ

where i¼
ffiffiffiffiffiffiffi
�1
p

, k¼ 2p=| is the wave number with | being the
wavelength, c the phase velocity, and Zu(z) and Zw(z) are the
unknown amplitudes of the displacement components. Substitut-
ing Eqs. (8) and (9) into Eqs. (5) and (6), we obtain

mZ
00

uþmuZuuþðlþmÞikZuwþðrc2�l�2mÞk2ZuþmuikZw ¼ 0 ð10Þ

ðlþ2mÞZ 00wþðlþmÞikZuuþðlþ2mÞuZuwþluikZuþðrc2�mÞk2Zw ¼ 0

ð11Þ

It is assumed that the parameters of the FGM possess the
following form:

l¼ f1
z

h

� �
, m¼ f2

z

h

� �
, r¼ f3

z

h

� �
ð12Þ

Because of the fact that the parameters of the FGM are
continuously variable, they can be expressed by the power series
as

fi
z

h

� �
¼
X1
n ¼ 0

ai
n

z

h

� �n

ð13Þ

where i¼1–3.Fig. 1. FGM plate structure and Cartesian coordinates.
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It is assumed that ~Zu ¼ Zu and ~Zw ¼ iZw; then Eqs. (10) and (11)
can be transformed into the following forms:

m ~Z
00

uþmu ~Z uuþðlþmÞk ~Z uwþðrc2�l�2mÞk2 ~Zuþmuk ~Zw ¼ 0 ð14Þ

ðlþ2mÞ ~Z
00

w�ðlþmÞk ~Z uuþðlþ2mÞu ~Z uw�luk ~Zuþðrc2�mÞk2 ~Zw ¼ 0

ð15Þ

The solutions of Eqs. (14) and (15) can take the following forms:
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z
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� �n
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z
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� �n

ð16Þ

Substituting Eqs. (12), (13), and (16) into Eqs. (14) and (15), we
obtain
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By equating the coefficients of (z/h)n in Eqs. (17) and (18) to
zero, we can obtain two recursive equations to determine sn and
tn, as follows:
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where s0, s1, t0, and t1 are undetermined coefficients and for iZ2
all of the si and ti are linear functions of s0, s1, t0, and t1.

To determine the undetermined coefficients in the expressions
of the solution, the following matrix is constructed:

ðs0j,s1j,t0j,t1jÞ ¼ I ð21Þ

where j¼1–4 and I is a 4�4 unity matrix. Thus, the equivalent
form of Eq. (16) is as follows:

~Zu ¼
X4

j ¼ 1

Cj

X1
n ¼ 0

snj
z

h

� �n

, ~Zw ¼
X4

j ¼ 1

Cj

X1
n ¼ 0

tnj
z

h

� �n

ð22Þ

where Cj (j¼1–4) are undetermined constants. For n¼0 and 1, snj

and tnj satisfy expression (21), while for other values of n, snj, and
tnj can be determined by Eqs. (19) and (20).

Substituting Eq. (22) into the boundary conditions, we can
obtain linear algebraic equations with respect to Ci (i¼1–4). From
the sufficient and necessary condition that a non-trivial solution
exists, the determinant of the coefficient matrix has to vanish,
which leads to the following dispersion relation for Lamb waves:

9Tij9¼ 0 ð23Þ

where

T11 ¼ l0kh, T14 ¼�ðl
0
þ2m0Þ, T22 ¼ 1, T23 ¼ kh

T3j ¼
X1
n ¼ 0

½lhsnjkh�ðlh
þ2mhÞðnþ1Þtðnþ1Þj�

T4j ¼
X1
n ¼ 0

h
tnjkhþðnþ1Þsðnþ1Þj

i
, j¼ 1�4

and all the other terms are equal to zero. Material parameters of
the top and bottom surfaces of the FGM plate can be differ-
entiated by the superscripts 0 and h.

For the thermal stress relaxation material with parameters
that vary slowly, the asymptotic expansion of the displacement
components can be obtained because of the convergence of the
power series. For example, it is assumed that the parameters vary
linearly, i.e., ai

n ¼ 0 for i¼1–3 when nZ2. The following equations
are deduced from the recurrence relations, Eqs. (19) and (20):

lim
n-1

snþ1

sn
¼

a2
1

a2
0

, lim
n-1

tnþ1

tn
¼

a2
1þ2a1

1

a2
0þ2a1

0

where a0 and a1 with superscripts 1 and 2 are defined in Eq. (13).
Let us consider the coordinate plane in which Lame’s constants

satisfy the inequalities, 9a2
1=a2

09o1 and 9ða2
1þ2a1

1Þ=ða
2
0þ2a1

0Þ9o1.

According to the theorem of convergent criterion of power series,
this solution is convergent. For other cases, convergence can be
proved by mathematical induction.

4. Numerical results and discussion

In numerical analysis, FGM is a functionally graded composite
of two kinds of material, materials I and II, with the volume
fractions of the materials varying along the thickness. The
parameters of the FGM media are described as

g zð Þ ¼ gð1Þf ð1Þ z=h
� �

þgð2Þf ð2Þ z=h
� �

ð24Þ

where f(1) and f(2) are the volume fractions and g(1) and g(2)

indicate the parameters of materials I and II, respectively. Metal
Cr and ceramics are chosen as materials I and II, respectively.
Their material parameters are

Cr: r(1)
¼7190 kg/m3, l(1)

¼74.2 Gpa, and m(1)
¼102.5 Gpa

Ceramics: r(2)
¼3900 kg/m3, l(2)

¼138 Gpa, and m(2)
¼

118.11 Gpa
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In this paper, two types of volume fractions are discussed,
which are the exponential and power functions, i.e.

A : f ð1Þ
z

h

� �
¼ 1�

z

h

� �pp

ð25Þ

f 1ð Þ z

h

� �
¼ 1�

1�exp pez=h
� �

1�exp peð Þ
ð26Þ

with f(2)(z/h)¼1� f(1)(z/h), where pp, which is a non-negative
integer, and pe are the gradient coefficients. The surface at z¼0 is
metal-rich while that at z¼h is ceramic-rich.

4.1. Dispersion curves

Fig. 2 shows the dispersion curves, where the dimensionless
wave number, kh, is used as the abscissa. The physical meaning of
kh is the product of 2p and the ratio of the thickness to the
wavelength. We select the FGM where the volume fraction varies
linearly, that is, pe¼0 in Eq. (25) and pp¼1 in Eq. (26).

Since there are obvious differences in the material properties
between Cr and ceramics, the dispersion curves of these two
kinds of plate are significantly different. The dispersion curves of
Lamb waves in an FGM plate are between those for the two
corresponding homogeneous plates. For a certain mode, the plates
in descending order of the phase velocity of the Lamb waves are
ceramic, FGM, and metallic. With the wave number and the phase
velocity in a certain range, the results show that the number
of modes of the Lamb waves in the FGM plate is more than that
in the ceramic plate and less than that in the metallic plate.

Fig. 3. Some details of dispersion curves of Lamb waves: (a) Cr (mode 1), (b) FGM (pp¼1, mode 1), (c) Cr (mode 2), and (d) FGM (pp¼1, mode 2).

Fig. 2. Dispersion curves of Lamb waves in the plates of Cr, ceramic, and FGM.
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For example, for the case when kh ranges from 0 to 10 and the
phase velocity is less than 10000 m/s, as shown in Fig. 2, there
exist six modes in the ceramic plate, 10 modes in the FGM plate,
and 12 modes in the metallic plate.

Normally, the dispersion properties are determined by the
relationship between the phase velocity and the group velocity. It
is well known that the group velocity of wave propagation, which
is defined as cg ¼ cþkdc=dk, expresses the rate at which energy is
transported. If the group velocity is actually greater than the
phase velocity (i.e., dc/dk40), the phenomenon is termed as
anomalous dispersion; the converse (viz., dc/dko0) is named as
normal dispersion. From Fig. 2, it is clear that both anomalous and
normal dispersions occur in the Lamb waves in the homogenous
and FGM plates. However, in the first mode, there is only
anomalous dispersion in the homogenous plate, as shown in
Fig. 2, with the details shown in Fig. 3(a), and only normal
dispersion in the second mode, while the details are shown in
Fig. 3(c). A comparison of the dispersion curves of the first mode
in the FGM plate, as shown in the Fig. 3(b), where kh ranges from
4 to 8, reveals that the phase velocity reaches a maximum at
kh¼6.2. In the second mode, as revealed in Fig. 3(d), the phase
velocity reaches a minimum at kh¼9.3. In the dispersion curves,
some parts satisfy dc/dk40 and the others satisfy dc/dko0 in the
first and second modes. In other words, there are both anomalous
and normal dispersions in the FGM plate. From the relationship
between the phase velocity and the wave number, we can
conclude that the dispersion properties of the first and second
modes of the Lamb waves in the FGM plate are different from
those in the homogenous plate.

The dispersion curves are influenced by not only the gradient
functions but also the gradient coefficients, as shown in Fig. 4(a)
and (b). Phase velocity and the number of modes are closely
related to the gradient coefficient. For the two kinds of FGM plate,
i.e., A and B, the phase velocity will decrease and the number of
modes will increase with the increase in the gradient coefficient.
In other words, the larger the gradient coefficient, the greater the
percentage of metal in the FGM plate. Therefore, the dispersion
curves of the Lamb wave in the FGM plate approach those of the
metallic plate as the gradient coefficient increases. This conclu-
sion can also be obtained from Fig. 5.

For the FGM plate, Lamb waves can be used for measuring the
gradient coefficient. Fig. 5 shows the variation in the phase
velocity for the first four modes, where cm is the phase velocity of
Lamb waves in the Cr plate. The point at kh¼2p indicates that the
wavelength equals the thickness of the plate. For type A, pp is a
non-negative integer and discontinuous and for type B, pe can be
selected continually.

4.2. Wave structure analysis

Much research has been carried out on the variation in the
wave structure as one increases the oh product along a particular
mode in the homogenous plate. Researchers are interested in the
variation with the mode of the ratio of the in-plane to out-plane
displacements. The use of a wave structure can lead to increased
wave penetration power along the structure. Rose [3] has
described the wave structures in a homogenous plate in detail.
The displacement amplitude of Lamb waves in a homogenous
plate is either symmetric or asymmetric. In the odd-numbered
modes, the in-plane displacement is asymmetric and the out-
plane displacement is symmetric but in the even-numbered
modes, the situation is reversed.

However, because of the asymmetric properties of the FGM plate,
the displacement amplitudes do not reveal a symmetric character as
those in an isotropic plate. For example, when the wavelength equals

the thickness of the plate with the parameter varying linearly, the
wave structures are shown in Fig. 6(a)–(d). For the first and third
modes, the displacement amplitudes of the metal-rich surface are

Fig. 4. Influence of gradient coefficient on dispersion curves: (a) A type and (b) B type.

Fig. 5. Influence of gradient coefficient on phase velocity at kh¼2p.
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more obvious than those of the ceramic-rich surface but the situation
is reversed in the second mode. There is an interesting result in the
fourth mode, namely, that in the metal-rich surface, the dominant
position is the in-plane displacement whereas it is the out-plane
displacement in the ceramic-rich surface.

4.3. Ellipticity of particle trajectories at free surface

In research on Lamb waves that propagate in a homogenous plate,
some attention has been focused on the point where the dominant
displacement is either the out-plane displacement, w, or the in-plane
displacement, u. Due to the symmetric properties, the ratios of the
amplitude of out-plane displacement to that of in-plane displacement
at the top and bottom surfaces are reciprocals. However, in the
FGM plate, their absolute values should be different. The difference
between the ratios for the top and bottom surfaces might imply that
the dominant position of the metal-rich surface is not the same as
that of the ceramic-rich surface.

When the Lamb wave propagates, the trajectories of the particles
are ellipses. To discuss the relationships between the displacement
components on the surface, we denote the ellipticity of particle

trajectories by 9g09¼9w09/9g09 and 9gh9¼9wh9/9uh9, where 9w09, 9u09
and 9wh9, 9uh9 are the amplitudes of displacement components of the
bottom and top surfaces, respectively. The sign of the ellipticity of
particle trajectories is determined by the direction of the particle
trajectories. When the trajectories are anticlockwise, the ellipticity of
particle trajectories has a positive sign; otherwise, it is negative sign.
According to the definition of ellipticity, when the absolute value is
much larger than unity, the out-plane displacement is the dominant
one. Otherwise, when the absolute value is much smaller than unity,
the in-plane displacement is the dominant one.

Fig. 7(a)–(d) clarifies the difference between the metal-rich
and ceramic-rich surfaces with regard to the ellipticity of particle
trajectories. For the first mode, the absolute values of ellipticities
are almost the same. For the second mode, when the dimension-
less wave number is very small, the dominant displacement in
both the metal-rich and ceramic-rich surfaces is the in-plane
displacement, while all the absolute values of the ellipticity
of particle trajectories are much smaller than unity. Initially, as
the dimensionless wave number increases, the absolute value of
the particle trajectories’ ellipticity gradually increases, i.e., the
out-plane displacement gradually becomes dominant. However,
after the point where the ellipticity of the particle trajectories

Fig. 6. Wave structure at kh¼2p: (a) mode 1, (b) mode 2, (c) mode 3, and (d) mode 4.
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asymptotically approaches infinity, namely, the in-plane displa-
cement approaches zero, the absolute value of the particle
trajectories’ ellipticity gradually decreases. The variations in the
upper and bottom surfaces are almost similar with a minor
difference being that the changes in the ceramic-rich surface
precede those in the metal-rich surface. For the third and fourth
modes, the difference in the absolute value of the particle
trajectories’ ellipticity between the metal-rich and ceramic-rich
surfaces is conspicuous. A point is observed where the dominant
displacement is entirely different between the ceramic-rich and
metal-rich surfaces. For example, for the fourth mode, when kh is
about 6, the absolute value of the particle trajectories’ ellipticity
in the ceramic-rich surface is much larger than unity, while that in
the metal-rich surface approaches zero. In other words, in the
metal-rich surface, the in-plane displacement is dominant but the
opposite is the case in the ceramic-rich surface. A similar situation
also arises in the third mode, when kh is about 2.8.

4.4. Precision of the solution

On one hand, the dispersion relation, Eq. (23), is not only for
Lamb waves in the FGM plate but also for the homogenous plate.

To illustrate convergence, we consider a relatively simple problem
that has a known solution, which is the Lamb wave propagation in
a homogenous plate. Fig. 8 presents the dispersion relations that
are calculated through the present power series solution wherein
the first 50 terms are retained. It can be seen clearly from Fig. 2
that for each mode of the Lamb wave phase velocities, the
numerical results obtained with the first 50 terms in the series
agree well with the analytical solutions. Consequently, in all the
above numerical calculations, the following convergent criterion
is adopted for phase velocity analysis:

9c9n ¼ N�c9n4N9

c9n ¼ N

oe

where cn is the solution of the phase velocity from the first n

terms of the power series. In this paper, e¼0.001% is selected in
all the numerical examples, while c9n4N is replaced by c9n¼2N.

On the other hand, few analytical solutions have been published
on Lamb wave propagation in FGM plates. The popular method for
this problem is to treat the FGM plate as a multi-layered structure
where each layer is homogenous. In this paper, we discuss a
comparison between the results from the global matrix method and
the power series method. For example, we select an FGM for which

Fig. 7. Ellipticity of particle trajectories at the free surface: (a) mode 1, (b) mode 2, (c) mode 3, and (d) mode 4.

X. Cao et al. / NDT&E International 44 (2011) 84–9290



Author's personal copy

the volume fraction varies linearly, that is, pp¼1 in Eq. (26). Fig. 9(a)
and (b) presents the dispersion curves of the first two modes, as
calculated through the present power series solution using the first

25, 50, and 100 items, the effective material method [7], and the
global matrix method [3,13] with the number of the layers being
either 5 or 10. For the first mode, the dispersion curves obtained by
the present power series are almost identical for the cases using 25,
50, and 100 items. However, for the second mode, the dispersion
curves obtained by the first 50 items coincide with those by the first
100 items, that is, for this case, the first 50 items are enough for
convergence, while the error is so small that it can almost be
neglected. It can be seen that the curves obtained by the global
matrix method gradually approach the dispersion curves from the
power series approach as the number of sub-layers increases.
Considering that the order of the coefficient matrix is four times the
number of layers in the global matrix method, the time complexity
of the global matrix method is greater than that of the power series
method. It will cost more time to use the global matrix method
for 10 sub-layers than to use the power series technique for the first
50 items.

5. Conclusions

The power series method, which gives good convergence and
high precision, is employed for solving the problem of Lamb
waves that propagate in an FGM plate, consisting of metal and
ceramics for high-temperature applications. The dispersion curves
lie between those of the metallic and ceramics plates. Phase
velocity depends on the gradient function and gradient coeffi-
cient. For the two kinds of FGM discussed in this paper, the whole
volume fraction of metal will increase with the increase in the
gradient coefficient; hence, the phase velocity will decrease and
the number of modes will increase.

The influence of the gradient coefficient on the variation in the
phase velocity is different in different modes. When the wave-
length equals the thickness of the plate, the variation in the phase
velocity in the first mode is the least, the phase velocity in the third
mode is greater than that in the first mode, and the phase velocity
in the second mode is clearly the greatest. Furthermore, because of
the asymmetric properties of the material, the displacement
components are asymmetric and the dominant positions of in-
plane and out-plane displacements are different in the metal-rich
and ceramic-rich surfaces.

All these results give theoretical guidance not only for
experimental measurement of material properties but also for
nondestructive evaluation using the ultrasonic wave generation
devices.
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